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Eigenvalues of compact operators

Let B : X — X compact, linear with eigenvalue sequence {1x(B)}ken,
counted with respect to their algebraic multiplicity and ordered by
decreasing modulus. If B has only finitely many distinct eigenvalues
different from zero, we put pm(B) = 0 for k sufficiently large.
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decreasing modulus. If B has only finitely many distinct eigenvalues
different from zero, we put pm(B) = 0 for k sufficiently large.
O It is known that uk(B) — 0 if k — oo. What is the asymptotic
behaviour of pk(B) if k — o0?
© Asymptotic behaviour of eigenvalues of Dirichlet Laplacian on
domains. If A\, eigenvalues of —A then )\, = MZI(B) with compact
B = (—A)~! if —A has compact resolvent.
© Negative spectrum of Schédinger type operators
H, = (id —A)*/?2 —yV(x), V(x) >0, 7> 0.

#{op(Hy) N (=00, 0]} as v — o0

The Birman-Schwinger principle relates the behaviour of
#{op(Hy) N (—00,0]} to the behaviour of ym(B) for compact
operator B = /V(id —A)~*/2\/V.
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© Degenerated elliptic operators on R”
(joint work with Dorothe D. Haroske)
D.D.H. and L.S., Spectral theory and some deenerated elliptic
operators with local singularities, J. Math. Anal. Appl. 371(2010),
282-299.

Some of the presented estimates can be improved using the Weyl numbers
of Sobolev embeddings (in particular if one works with weithed function
spaces with logarithmic type weights) (joint work with Alicja Gasiorowska)
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Let B € L(X,Y) and Bx be the closed unit ball in X.

L.Skrzypczak (UAM Poznan) Oppurg, October 2010 4 /24



Preliminaries

Quantitative characterizations of compactness

Let B € L(X,Y) and Bx be the closed unit ball in X.
Entropy numbers. The k-th entropy number of B, k € N, is

ex(B) = inf{e > 0: B(Bx) can be covered by 2~ balls of radius ¢ in Y}.

L.Skrzypczak (UAM Poznan) Oppurg, October 2010 4 /24



Quantitative characterizations of compactness

Let B € L(X,Y) and Bx be the closed unit ball in X.
Entropy numbers. The k-th entropy number of B, k € N, is

ex(B) = inf{e > 0: B(Bx) can be covered by 2~ balls of radius ¢ in Y}.

Approximation numbers. The k-th approximation number of B is

a(B) :==inf{||B—A| : A€ L(X,Y), rank(A) < k}.

L.Skrzypczak (UAM Poznan) Oppurg, October 2010 4 /24



Quantitative characterizations of compactness

Let B € L(X,Y) and Bx be the closed unit ball in X.
Entropy numbers. The k-th entropy number of B, k € N, is

ex(B) = inf{e > 0: B(Bx) can be covered by 2~ balls of radius ¢ in Y}.

Approximation numbers. The k-th approximation number of B is
a(B) :==inf{||B—A| : A€ L(X,Y), rank(A) < k}.
Weyl numbers. The k-th Weyl number of B is

xi(B) := sup{ax(BS) : S € L(£2, X) with ||S|| < 1}.

L.Skrzypczak (UAM Poznan) Oppurg, October 2010 4 /24



Quantitative characterizations of compactness

Let B € L(X,Y) and Bx be the closed unit ball in X.
Entropy numbers. The k-th entropy number of B, k € N, is

ex(B) = inf{e > 0: B(Bx) can be covered by 2~ balls of radius ¢ in Y}.

B: X — Y is compact & limg_oo e(B) =0.
Approximation numbers. The k-th approximation number of B is

a(B) :==inf{||B—A| : A€ L(X,Y), rank(A) < k}.
Weyl numbers. The k-th Weyl number of B is

xi(B) := sup{ax(BS) : S € L(£2, X) with ||S|| < 1}.

L.Skrzypczak (UAM Poznan) Oppurg, October 2010 4 /24



Quantitative characterizations of compactness

Let B € L(X,Y) and Bx be the closed unit ball in X.
Entropy numbers. The k-th entropy number of B, k € N, is

ex(B) = inf{e > 0: B(Bx) can be covered by 2~ balls of radius ¢ in Y}.

B: X — Y is compact & limg_oo e(B) =0.
Approximation numbers. The k-th approximation number of B is

a(B) :==inf{||B—A| : A€ L(X,Y), rank(A) < k}.
Weyl numbers. The k-th Weyl number of B is
xk(B) = sup{ax(BS) : S € L(¢2, X) with ||S] < 1}.

Mutiplicativity property - skym—1(BA) < sk(B)sm(A); s1(B) = [|B||,
where s, = e or s, = X
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Carl’s inequality gives
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k
<H|MJ(B)|>kg of 2%en(B) forall keN,
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i
meN

L.Skrzypczak (UAM Poznan) Oppurg, October 2010

5 /24



Preliminaries

Asymptotic behaviour of eigenvalues distributions

Let B € L(X, X) be a compact operator.
Carl’s inequality gives

-

k

<H|MJ(B)|>k < inf 2fen(B) forall keN,
me

j=1

especially, [ux(B)| < V2 ex(B) forall ke N.

L.Skrzypczak (UAM Poznan) Oppurg, October 2010

5 /24



Preliminaries

Asymptotic behaviour of eigenvalues distributions

Let B € L(X, X) be a compact operator.
Carl’s inequality gives

k
<H|MJ(B)|>k < inf 2fen(B) forall keN,
j=1 "

S

especially, [ux(B)| < V2 ex(B) forall ke N.
Pietsch’s Weyl-type inequality gives
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Preliminaries

Asymptotic behaviour of eigenvalues distributions

Let B € L(X, X) be a compact operator.
Carl’s inequality gives

k
<H|MJ(B)|>k < inf 2fen(B) forall keN,
j=1 "

S

especially, [ux(B)| < V2 ex(B) forall ke N.
Pietsch’s Weyl-type inequality gives

2k k 1/k
] 1(B)]) % < 2v/2e (H)g(B)) for all k € N,
j=1 j=1

Problem: How to calculate asymptotic behaviour of e (B), xx(B) if
k — o0o? Hint: to factorize B though compact Sobolev embeddings and to
calculate e, or x, for the embeddings.
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Preliminaries

Function spaces - definitions

© Besov spaces, se Rand 0 < p, g < oo,
> S 1/q
Bs (R") = {feS :|fIBS| = (Zzsqfuf lgoj}"ng> < ool
j=0
© Besov spaces on domains, Q C R"” - an open set Q # R", p,qg > 1.

B (Q) — {f:f=gla, g€ B, ,(R")}, if SEO,
P4 {f:f=gla, g € B, 4(R")suppg C Q} if s>0,
1F1Bsqll = infllg|Bsgll -
© Weighted Besov spaces with a Muckenhaupt weight w.

Lo(R™, w) = {f: /|f(x)pw(x)dx < oo},
. i e n 1/q
1185 4R W)l = (29| F o FFIL,(R", )|
j=0
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Entropy numbers of Sobolev embedding on domain

@ Let Q be a bounded domain with sufficiently regular boundary (e.g.
with Lipschitz boundary).
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Elliptic operators on quasibounded domains

Entropy numbers of Sobolev embedding on domain

@ Let Q be a bounded domain with sufficiently regular boundary (e.g.
with Lipschitz boundary).

The embedding B3 . (Q) — B2 ,(Q) (1)

n n
is compact if, and only if, s;—s, — (— — —), > 0. 2
p y 1— 5 (p1 pQ)Jr (2)
Moreover ek(B;qu(Q) s B;;qz(ﬂ)) ~ k‘@ (3)

@ Let Q be an unbounded domain (with sufficiently regular boundary).
What can we say about the properties of Sobolev embeddings?

Theorem

If Q is an unbounded domain with finite Lebesgue measure then the
embedding (1) is compact if and only if (2) holds and the corresponding

entropy numbers satisfy the estimates (3).
Oppurg, October 2010 7 / 24
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Entropy numbers of Sobolev embedding on domain
@ We recall that an unbounded domain Q in R" is called quasi-bounded
if
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x€Q,|x|—o00
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Elliptic operators on quasibounded domains

Entropy numbers of Sobolev embedding on domain

@ We recall that an unbounded domain Q in R" is called quasi-bounded
if
lim  dist (x,0Q2) =0 .
x€Q,|x|—o00

Examples

Let & > 0. The open sets wq, Qo C R?

wa = {(x,y)eR?: |y| <x % x>1} and
Qo = {(x,y)€R?: |y| <|x|™®} are quasi-bounded.

@ An unbounded domain is not quasi-bounded if, and only if, it contains
infinitely many pairwise disjoint congruent balls.

Theorem
If Q is not quasi-bounded then the embedding (1) is never compact. J
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Elliptic operators on quasibounded domains

Box packing number of an open set

@ The interesting case - quasi-bounded domains with infinite Lebesgue
measure.
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measure. What are the conditions for compactness?What is the
possible asymptotic behaviour of entropy numbers?

@ A box packing number b(€2) of an open set Q. Let
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bj(2) = sup {k : U Qjm, CQ, Q) m, being pairwise disjoint
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Elliptic operators on quasibounded domains

Box packing number of an open set

@ The interesting case - quasi-bounded domains with infinite Lebesgue
measure. What are the conditions for compactness?What is the
possible asymptotic behaviour of entropy numbers?

@ A box packing number b(€2) of an open set Q. Let

k
bj(2) = sup {k : U Qjm, CQ, Q) m, being pairwise disjoint
(=1

dyadic cubes of side-length 2_j}, j=01...

b(Q) =sup {t € Ry : lim sup bj(Q)277t = oo} (4)

J—00

@ For any nonempty open set Q C R"” we have n < b(Q2) < .
If Q is of finite measure, then b(2) = n.
If Q is unbounded and not quasi-bounded, then b(Q2) = occ.
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Elliptic operators on quasibounded domains

Box packing number of an open set - examples

Examples

Let & > 0, wq, Qo C R? be as above. Then

L1 if 1 L1 if 1
b(w) = =+ !O<a< , b(Q) = =+ !0<a< ,
2 ifa>1, a+1l ifa>1.
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Elliptic operators on quasibounded domains

Box packing number of an open set - examples

Examples

Let & > 0, wq, Qo C R? be as above. Then

111 ifo 1 Li1 ifo 1
b(wa):{o‘+ im0 < a <1, b(Qu) = 5 T I <a<l,
a+1l ifa>1.

2 if a > 1,

There are quasi-bounded domains such that b(Q2) = cc.
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Elliptic operators on quasibounded domains

Quasi-bounded domains - compactness of embeddings

Theorem

(i) Let b(2) < co. The embedding

Botai() — BZo,(Q)

is compact if

5::sl—i—52+£>b(ﬂ) ! !

p1 P P b(Q)(g - E)Jr ' (©)

y
L.Skrzypczak (UAM Poznan)
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Elliptic operators on quasibounded domains

Quasi-bounded domains - compactness of embeddings

Theorem

(i) Let b(2) < co. The embedding

Botai() — BZo,(Q)

is compact if

n n _ b(Q) 1 1
ji=s55———S+— > =b(Q)(——-——), .
Y p* ( )(Pz P1)Jr
If the embedding (5) is compact and p% =0, then 6 > 0.

If the embedding (5) is compact and p% > 0, then § > @.
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Elliptic operators on quasibounded domains

Quasi-bounded domains - compactness of embeddings

Theorem

(i) Let b(2) < co. The embedding

B;}yql(Q) — B2 _(Q)

P22 (5)
is compact if
n n _ b(Q) 1 1
0 =s5———+—> =b(Q)(——-——), . 6
S R p* ( )(Pz P1)Jr ©)
If the embedding (5) is compact and p% =0, then 6 > 0.
If the embedding (5) is compact and 1 >0, thend > @.
(ii) If b(Q2) = oo, then the embedding (5) is compact if, and only if,
p1 < p2 and
S - — s+ >0, (7)
7 P1 P2

'
L.Skrzypczak (UAM Poznan)
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Elliptic operators on quasibounded domains

Quasi-bounded domains - entropy numbers of embeddings

Theorem

Lets;—sp—n(E — L) > b)) ond b(Q) < co. If

pL P2 p

0 < liminf bj(Q)2_jb(Q) < limsup bj(Q)2_jb(Q) <00, (8)
j—o0 j—00
then  e(Bia(Q) = BRa() ~ k7 9)

, _s—s  b@Q)-ns1 1
with =y ha )
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Elliptic operators on quasibounded domains

Quasi-bounded domains - entropy numbers of embeddings

Theorem

Let sy —sp —n(E — p2)>L§3)andb(Q)<oo. If

p1 p
0 < liminf b;(£2)2 275 < fim sup bj(Q)2_jb(Q) <00, (8)
j—0o0 j—00
then (B;; o(Q) — B2 qz(Q)> ~ k7 (9)

with v =

si—s  b(Q)—n/1 1
B(Q) T BQ) (E - 5) :

Corollary

Let Q be of finite Lebesgue measure. If the embedding is compact, then
v = S51—S2 52 .

4
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Elliptic operators on quasibounded domains

Quasi-bounded domains - inverse entropy problem

What is the possible asymptotic behaviour of entropy numbers of the
compact embedding of the function spaces defined on domains?

L.Skrzypczak (UAM Poznan) Oppurg, October 2010 13 / 24



Elliptic operators on quasibounded domains

Quasi-bounded domains - inverse entropy problem

What is the possible asymptotic behaviour of entropy numbers of the
compact embedding of the function spaces defined on domains?

Theorem

Let 51,5 € R, 0< p1,po <00 and 0 < g1, g < co. We assume that

¥> (i_é)-y-‘

For positive real vy, such that -2 > ~ > (i -1

= there exists a
p1 P2 )—l-’
quasi-bounded domain Q in R" such that

e (B a(®) = BRa(@) ~ k77, keN. (10)

If (10) holds for some quasi-bounded domain Q in R" and b(Q2) < oo, then

¥27>(ﬁ_é)+'
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Elliptic operators on quasibounded domains

Elliptic operators on quasi-bounded domains

Let  A(x,D)= Y aa(x)0"
laj<2m

be a formally self-adjoint, uniformly strongly elliptic differential operator of
order 2m, m € N, with real valued coefficients a, € C°°(Q2) which are
uniformly bounded and uniformly continuous for |a| < 2m. We assume
that A is a positive self-adjoint operator in L2(£2). Then A= A(x, D) is an
operator with discrete spectrum o(A) of eigenvalues having no finite
accumulation point.
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Elliptic operators on quasibounded domains

Elliptic operators on quasi-bounded domains

Let  A(x,D)= Y aa(x)0"
laj<2m

be a formally self-adjoint, uniformly strongly elliptic differential operator of
order 2m, m € N, with real valued coefficients a, € C°°(Q2) which are
uniformly bounded and uniformly continuous for |a| < 2m. We assume
that A is a positive self-adjoint operator in L2(£2). Then A= A(x, D) is an
operator with discrete spectrum o(A) of eigenvalues having no finite
accumulation point.

Theorem
Let Q be quasi-bounded domain in R", such that b(Q2) < oo and (8) holds.

Let \1, A2, ... be eigenvalues of A ordered by their magnitude and counted
according to their multiplicities. Then

2m
A~ kb@ - keN.
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Elliptic operators on quasibounded domains

Elliptic operators on quasi-bounded domains-examples

Examples

Let o > 0 and o # 1. For the open set Q, C R? we have the following
formula for the eigenvalues of the Dirichlet Laplacian

2«
kite if 0<ax<l
—A) ~ ’ 11
M(=4) {kuza i a>1. (11)
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Elliptic operators on quasibounded domains

Elliptic operators on quasi-bounded domains-examples

Examples

Let o > 0 and o # 1. For the open set Q, C R? we have the following
formula for the eigenvalues of the Dirichlet Laplacian

2«
kite if 0<ax<l
—A) ~ ’ 11
M(=4) {kuza i a>1. (11)

The assumption (8) is sufficient but not necessary to get the estimates of
corresponding entropy numbers. For the domain Q, with & = 1 one gets

RSs1 RS2 —az= %‘(i_i
e (B an(Q1) = BZ () ~ k" (logh) = ),

and M(—A) ~ klogk.
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Muckenhaupt weights and elliptic operators on R”

We regards the following weights

[x[** (1 — log [x[)*2, if |x| <1,

. _ 12
Wiap) () {yx|ﬂ1(1+|og|x!)32, if x| >1, v

a=(a1,a2), a1 > —n, az €R, B =(41,5), B1 > —n, f2 €R. (13)
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Degenerated elliptic operators on R"

Muckenhaupt weights and elliptic operators on R”
We regards the following weights

[x[** (1 — log [x[)*2, if |x| <1,

. _ 12
Wiap) () {yx|ﬂ1(1+|og|x!)32, if x| >1, v

o = (a1,a2), o1 > —n, ag € Ra B = (/81762)7 /81 > —n, 62 € R. (13)

This covers weights of purely polynomial growth both near 0 and oo,

x| i X[ <1, .
We. g(x) ~ with a > —n, > —n. 14
) {W . 5 (1)
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Degenerated elliptic operators on R"

Muckenhaupt weights and elliptic operators on R”
We regards the following weights

[x[** (1 — log [x[)*2, if |x| <1,

. _ 12
Wiap) () {yx|ﬂ1(1+|og|x!)32, if x| >1, v

o = (a1,a2), o1 > —n, ag € Ra B = (/81762)7 /81 > —n, 62 € R. (13)

This covers weights of purely polynomial growth both near 0 and oo,

x| i X[ <1, .
We. g(x) ~ with a > —n, > —n. 14
) {W . 5 (1)

Problem: Criteria for compactness and entropy numbers of embeddings of
type

id : By, (R" w) — B} o, (R"),
where s, <51, 0 < p1,p2 <00, 0 < g1,92 < 00,
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Embeddings with Muckenhaupt weights - motivations

@ To estimate the negative spectrum #{o,(H,) N (—00,0]} of operators
of type
Hy=A—-~V(x) as vy — o0,

where A is an elliptic pseudodifferential operator of order s > 0,
positive-definite and self-adjoint in Ly(R") , e.g. A= (id —A)*/2,
and V(x) is a positive, real (singular) function.
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Embeddings with Muckenhaupt weights - motivations

@ To estimate the negative spectrum #{o,(H,) N (—00,0]} of operators
of type
Hy=A—-~V(x) as vy — o0,
where A is an elliptic pseudodifferential operator of order s > 0,
positive-definite and self-adjoint in Ly(R") , e.g. A= (id —A)*/2,
and V(x) is a positive, real (singular) function.
@ The Birman-Schwinger principle. Let B = VA~V be compact.

0e(Hy) = 0e(A) and  #{a(H,) N (=00, 0]} = #{op(H,) N (—o0,0]}
=#{keN: yu(B)>1} < 0.
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Degenerated elliptic operators on R"

Embeddings with Muckenhaupt weights - motivations

@ To estimate the negative spectrum #{o,(H,) N (—00,0]} of operators
of type
Hy=A—-~V(x) as vy — o0,

where A is an elliptic pseudodifferential operator of order s > 0,
positive-definite and self-adjoint in Ly(R") , e.g. A= (id —A)*/2,
and V(x) is a positive, real (singular) function.

@ The Birman-Schwinger principle. Let B = VA~V be compact.

0e(Hy) = 0e(A) and  #{a(H,) N (=00, 0]} = #{op(H,) N (—o0,0]}
=#{keN: yu(B)>1} < 0.

@ By factorization we can reduce the estimates for B to the estimates
for the Sobolev embeddings of weighted spaces
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Degenerated elliptic operators on R"

Negative spectrum - purely polynomial estimates for V.

Theorem
Let 3¢ >0, wa gV € Loo(R"), and

—n<a<n 0<fB<n x>ap, x#0. (15)

Then

#{0p(Hy) 1 (00, 0]} < € (1| VLo ) 707,y — 0. (16)
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Negative spectrum - purely polynomial estimates for V.

Theorem
Let 3¢ >0, wa gV € Loo(R"), and

—n<a<n 0<fB<n x>ap, x#0. (15)

Then

#{0p(Hy) 1 (00, 0]} < € (1| VLo ) 707,y — 0. (16)

v

Examples

Let H,=A—~yx|7", O<pu<n, sx>p, ie V(x)=I[x|""

Then #{0p(H,) N (=00,0]} < Cri,  ~— oo
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Negative spectrum - purely polynomial estimates for V.

Theorem
Let 3¢ >0, wa gV € Loo(R"), and

—n<a<n 0<fB<n x>ap, x#0. (15)

Then

#{0p(Hy) 1 (00, 0]} < € (1| VLo ) 707,y — 0. (16)

v

Examples

Let H,=A—~yx|7", O<pu<n, sx>p, ie V(x)=I[x|""

Then #{0p(H,) N (=00,0]} < Cri,  ~— oo

Limiting cases: =3 > 0or »x =« > 07

Oppurg, October 2010 18 / 24



Degenerated elliptic operators on R"

Negative spectrum - limiting cases

Theorem
Let 0 < > < nand wipz)V € Lo(R").

v
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Degenerated elliptic operators on R"

Negative spectrum - limiting cases

Theorem
Let 0 < > < nand wipz)V € Lo(R").

(i) Letag =2, a2 >2%,0< 51 = < nand (B2 =0. Then there exists
a positive constant C > 0 independent of v, 3 and V such that

~ if x<f,
#{op(Hy) N (=00, 0]} < C {1y if x>p8, - oo
v=logy if x=8,

wIs N3

v
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Degenerated elliptic operators on R"

Negative spectrum - limiting cases

Theorem
Let 0 < > < nand wipz)V € Lo(R").

(i) Letag =2, a2 >2%,0< 51 = < nand (B2 =0. Then there exists
a positive constant C > 0 independent of v, 3 and V such that

e if x<f,
#{op(Hy) N (=00,0]} < C {77 if x>0, -0
v=logy if x=p,

(i1) Assume max(0, 1) < ¢ and 31 = ». Then there exists a positive
constant C > 0 independent of v, 3 and V such that

n

v if Z< /827
HN(— 0 < C n n ‘
#{op(Hy)N(—00,0]} < {,Y,{Uogfy)l—ﬁzx if 0> [,

. .
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Degenerated elliptic operators on R"

Negative spectrum - limiting cases -examples

Examples
(i) Let0< s <n, >0, and

V(0 {\x| (1—log|x|) 2 it x| <1,

X =#(1+log|x|) ™" i |x|>1
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Degenerated elliptic operators on R"

Negative spectrum - limiting cases -examples

Examples
(i) Let0< s <n, >0, and

V(x) = Ix|77(1 - |og|x|) if |x] <1,
Ix|7=(1+ |og|x]) if x| > 1.
- if 3>z

#{Jp )N (—o0 0]} <C {7%(|0g7)1+’:(m+ if g<z

v
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Degenerated elliptic operators on R"

Negative spectrum - limiting cases -examples

Examples
(i) Let0< s <n, >0, and

V(x) = Ix|77(1 - |og|x|) if |x] <1,
Ix|7=(1+ |og|x]) if x| > 1.

#op(H, n(oo01}<c{ )

(L—log|x))* if |x| <1,

“a . , a>0 x>0
(1+ log|x]) if  |x| >1,

(ii) Let V(x):{

Then #{op(Hy) N (—00,0]} < Cexp (’y%), v — 0.

w(logv)%(*m+ if 8<z

L.Skrzypczak (UAM Poznan) Oppurg, October 2010
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Logarithmic type weights

Let us regard the operator B = by A~1b; with

biw gy € L (R"), baw(g,y) € L,(R") where (31 =1 =0,

1 1
1<r<p<n<oco, l<p<oo, and %>n<+>.
rn rn

If B> + n2 > 0 then the operator B is compact in L,(R") and

lik(B)| < cllbiwo,g) L (R™)] [[b2w(o,my| Lr, (R")[| (17)
k—Pamme if Gotm< b+
1 1 1 1
kKTn z (L4 loghk) 2 TR i B>ty L
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Logarithmic type weights - entropy numbers

The last statement can be reduced by the Hdlder inequality and the Carl
inequality to the estimates of entropy numbers of Sobolev embeddings

id : B o (R", w,g)) — B2 ,,(R"), with =0 and

P1,q1

1

1
pr P 1 p P2
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[l el i erlbeldi o leppiits (70 Seiis |
Logarithmic type weights - entropy numbers

The last statement can be reduced by the Hdlder inequality and the Carl
inequality to the estimates of entropy numbers of Sobolev embeddings

id : B o (R", w,g)) — B2 ,,(R"), with =0 and

1 1 1 1 1 1
pp p n p pon
Incaseofé—sl—p—ll—s—i— 0, B> > 0, then for all k € N,
B
=y if <1 1
ek (id)fv 11 P1 — p1 P2

— oo L2l :
k™ P1 P2 (14 log k) P P, if 2> L1
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[l el i erlbeldi o leppiits (70 Seiis |
Logarithmic type weights - entropy numbers

The last statement can be reduced by the Hdlder inequality and the Carl
inequality to the estimates of entropy numbers of Sobolev embeddings

id : B2 (Rn, W(O,ﬁ)) — B2

P1,q1 P2,q92

(R"), with By =0 and

1 1 1 1 1 1
pp p n p pon
Incaseofé—sl—p—ll—s —i—pi 0, B> > 0, then for all k € N,
B
rﬁ, if <1 1
ek (id)fv L pP1 — p1 p2

L+l ~2ylol g 11
k P1 (1+|ng) p2’ |f pfi>575

Alternative strategy: x,(id) ~ 7 plus the Pietsch inequality.
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Wey| numbers of embeddings for logarithmic type weights

Logarithmic type weights - Weyl numbers

Theorem

Let0<p1§p2§oo,1<q1,q2§ooand51—52—d(p—11—é)>0.
Then

, kK omm) i 1<p <<,
_ P2
xe(id) ~ (L4 log k)P { k= Gr=2)  jr 1 <p1 <2< pr < oo,

1 if 2<p1 <p<oo.
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Wey| numbers of embeddings for logarithmic type weights

Logarithmic type weights - Weyl numbers

Theorem

Let0<p1§p2§oo,1<q1,q2§ooand51—52—d(1 1

o T E) > 0.
Then
_(L_L) i
o |k i 1< p<pp <2,
_ P2
xi(id) ~ (L+logh) 7 { k= Gi72)  jf 1< p <2< py< oo,
1

if 2<p1 <p<oo.

Remark

One can show also that

B2
a¢(id) ~ c(id) ~ di(id) ~ (1+logh) 7 .
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Wey| numbers of embeddings for logarithmic type weights

Logarithmic type weights

Let us regard once more the operator B = bbA~1b; with

biwo.p) € Ln(R"), bow(g, € L(R") where B =1 =0,

1 1
1<rn<p<n<oc, l<p<oo, and %>n<+>.
rn r

If B> + 12 > 0 then the operator B is compact in L,(R") and

luk(B)l < cllbrw(o,g) | L (R™)] [[b2w(0,m) | Lo (R")[| (18)
1 1
(1+loghk)Permk™n" if J+L <1
1 1.1
(1+logh) 2 mk e a2 if J-L<dl<iql
and ﬁz+772§%+%—%,
24 / 24

L.Skrzypczak (UAM Poznan) Oppurg, October 2010



